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1. Introduction 
1.1. The homological dimension hdz(G) of a soluble group G is finite if and only 
if G is torsion free of finite torsion-free rank. Under these circumstances it is known 
that the cohomological dimension cdz(G) is equal to either hdz(G) or hdz(G)+ 1. 
The purpose of this paper is to determine necessary and sufficient conditions for 
equality between hdz(G) and cdz(G) when G is soluble, and to relate these condi- 
tions to various other homological finiteness conditions. We shall need to consider 
the class of constructible groups. This is defined to be the smallest class of groups, 
containing the trivial group, which is closed under 
(a) finite extensions, and 
(b) HNN-extensions in which the base group and associated subgroups are already 
constructible. 
We prove 
Theorem. Let G be a soluble group. Then the following are equivalent: 
(i) cdz(G) = hdz(G) < ~; 
(ii) G is o f  type (FP); 
(iii) G is a duality group; 
(iv) G is torsion-free and constructible. 
This theorem has already been conjectured by Gildenhuys and Strebel [1], where 
it is proved in several important special cases. We refer the reader to their paper 
both for the history of the problem, which traces its origins to work of K.W. 
Gruenberg, R. Bieri, and several other authors, and for the following very impor- 
tant reduction. 
1.2. Gildenhuys and Strebel have shown that the above Theorem can be reduced to 
a rather special case: 
Proposition. In order to prove the Theorem it is sufficient o prove that every group 
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G which is the split extension of an abelian minimax group A by a finitely generated 
free abelian group Q and whose cohomological dimension over the complex 
numbers is at most the torsion-free rank is constructible. 
This is a restatement of [1, Corollary A2]. We recall that an abelian group is said 
to be minimax if and only if it has a finitely generated subgroup such that the quo- 
tient is (~ernikov. Henceforth we shall denote the cohomological dimension of a 
group G over the complex numbers C by cd(G). We shall make full use of the above 
Proposition in proving the Theorem. Our cohomological methods are closely related 
to those used in [2], but nevertheless we include full details here. 
2. Cohomology of abelian minimax groups 
2.1. Let A be an abelian minimax group of torsion-free rank r, and let rr denote the 
set of primes p for which A has a section isomorphic to the quasicyclic group Cp®. 
We write Z~ for the pro-rr-completion f Z. Thus we have 
~_7t "" 7/ pl (~  ~_p2 (~ " " " (~  7/ pt 
where Pl, ...,Pt are the distinct primes in rr, and Zpi denotes the pi-adic integers. 
Now Z~ may be regarded as a subgroup of 
and then the quotient is given by 
which may be viewed as a subgroup of the multiplicative group of complex 
numbers. Set 
A* = Hom(A, Q~IZ~). 
This is a locally compact abelian group, possessing the discrete topology when A 
is finitely generated, and having the inverse limit topology in general. As such, its 
dual is the group 
A** =A ®Z,~. 
The elements of A* may be regarded as characters of certain one dimensional CA- 
modules. Let 
(Za ; X ~A) 
be a family of non-zero elements of A*, and let Ma denote the one dimensional 
module corresponding to Za- Set 
MA = (~ (Ma ; A e A ), 
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and 
~A = II (M~;2 cA). 
The following lemma is elementary, but nevertheless central to our arguments. 
Lemma. The cohomology group Hr+ l (A, MA) is isomorphic to (I~IA/MA) A. 
Proof. Consider first the case when A is periodic. Each M~ is then an injective CA- 
module, and hence A~r a is also. Note that r= 0 in this case, so that the lemma 
follows by applying the long exact sequence of cohomology to the short exact se- 
quence 
O-* MA -*  A/MA 
For the general case, choose a finitely generated free abelian subgroup B of A such 
that A/B  is periodic. Set 
A = {A cA : B acts trivially on Mx }. 
The spectral sequence corner argument yields 
Hr+ I (A, MA)= H 1 (A/B,  Hr(B, MA) ) 
= HI (A/B, Ho(B, MA )) (by duality) 
= HI (A/B, M,~) 
= (iV/IA/MA)A (by the case above). 
Now the natural map from (2~I A/M A )A tO (29I A /M A )A is injectiv¢ because K/I A N MA = 
M~. We show now that it is also surjective, thereby proving the lemma. Let 
(~;A  cA)  be an element of MA which represents an element of 091A/MA) A. TO be 
an A-fixed point in the quotient means that each finitely generated subgroup of A, 
in particular B, leaves almost every coordinate fLxed. Thus by varying only finitely 
many of the ~ we obtain an element of ~r A which represents the same element in 
gVlA/M A . [] 
2.2. Given a topological space X and a subspace Y, one says that a point x of X 
is a cluster point of Y if and only if every neighbourhood of x contains infinitely 
many points of Y. Suppose now that the index set A of Section 2.1 is the disjoint 
union of a family of subsets A(I), A(2), ..., indexed by the natural numbers, in such 
a way that, for each n, zero is not a cluster point of the set 
{Xz :2 cA(n)}. 
In this case one has a refinement of Lemma 2.1: 
Lemma. The group Hr+I(A, MA) is isomorphic to 
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Proof. By Lemma 2.1 it is sufficient o show that an element (~ ; ;t cA)  of At,~ 
which represents an A-fixed point in A~r A/Ma must belong to 1-[ MA(n). Fix a natural 
number n. Since zero is not a cluster point of A(n), there is a finitely generated 
subgroup B of A such that (MA(n)) s is finite dimensional. Now such a subgroup 
must fix almost every coordinate of (~x;A e A), and hence the set 
{A ~A(n); ~x #:0} 
is finite. This holds for each n, and so the result follows. [] 
3. A criterion in terms of duster points 
3.1. We consider now a group G which is the split extension of an abelian normal 
minimax subgroup A by a finitely generated free abelian group Q. Let r and s denote 
the ranks of A and Q respectively. The action of Q on A by conjugation induces 
an action on A* and hence on the quotient A* /T ,  where T denotes the torsion 
subgroup of A*. Our immediate aim is to prove 
Proposition. I f  cd(G) is at most r + s, then the Q-orbit o f  every non-zero element 
o f  A* /T  has zero as a cluster point. 
The conclusion of this result is used in Section 4 to obtain structural information 
about G. To prove the proposition, we shall suppose that the conclusion does not 
hold, and then use this fact to 
H"+s+I(G, M):/:O. We note that, by a 
Hr+s+~(G,M)=HS(Q,H r+ 
= Ho(Q, H r+ 
construct a CG-module M such 
spectral sequence corner argument, 
I(A, M)) 
I (A ,M))  (by duality). 
that 
3.2. Suppose that there is a non-zero element of A* /T  whose Q-orbit does not have 
zero as a cluster point, and let g in A* represent this element. We give here a con- 
struction of a suitable module M. Now X has infinite order, and its Q-orbit has no 
element of finite order as a cluster point. Furthermore, these two properties are in- 
herited by each multiple kx of X by a positive integer k. One can choose a sequence 
of positive integers, (kn ; n >_ 1), such that 
(,) k,  ;t tends to zero as n tends to infinity. 
For n >_ 1, let M n be the one-dimensional module corresponding to k, X. Set 
M= (~ IndA G(Mn). 
We shall need to be rather precise about the structure of M in order to compute 
cohomology. For each n let A (n) be a set which is in one-one correspondence with 
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Q. For A in A (n) let X~ be the conjugate of kn Z by the element of Q corresponding 
to A. As in Section 2.1 we denote the corresponding one dimensional module by 
M~, and so we have 
ResA Ind~ (Mn) = MA(n). 
If A denotes the disjoint union of the A(n), then 
ResA (M) =MA. 
Since zero is not a cluster point of the orbit of each knz, we may apply Lemma 
2.2 to yield 
Hr + I(A, M)= ( I] MA(n)/ (~ MA(n)) A. 
Note that both groups here are Q-modules, and a routine check shows that the 
above is a CQ-module isomorphism. 
3.3. As a CQ-module, each M~(n) is a free module of rank one, and is generated by 
the one-dimensional subspace Mn which corresponds to the identity element of Q. 
For each n let ~n be a non-zero element of M,,, to be viewed as an element of Mmn ) . 
Then the element (~ ; n >_ 1) of [I MA(~) yields a non-zero element in the quotient 
I-[ MA<n)/ (~ MA(n) 
because it has infinitely many non-zero components. Furthermore the condition (.) 
of Section 3.2 shows that every finitely generated subgroup of A fixes almost all the 
~n, and therefore (~n ; n_> 1) actually lies in the group 
( H MA(n)/(~ mA(n)) A" 
Since ~n is a free generator of MA(n ) as a CQ-module, it follows that for every n, 
~ yields a non-zero element of Ho(Q, Mmn)), and therefore (~;  n>_l) yields a 
non-zero element of 
Ho(Q, lI MA(n)/ (~) MA(n)). 
A fortiori the element (~n ; n >_ 1) actually yields a non-zero element of 
Ho(Q, ( H MA(n)/ (~ MA(n))A) •
! 
Combining this with the conclusions of Sections 3.2 and 3.1, one sees that the 
cohomology group Hr+s+l(G, M) is non-zero. Thus Proposition 3.1 is proved. 
4. Proof of the Theorem 
4.1. As explained in the introduction, it is sufficient o consider groups G of the type 
described in Section 3.1. Proposition 3.1 is the first step, and we shall combine this 
with the following result. 
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Lemma. For a f inite set of  primes 7t let V be a Z~-module o f  finite rank. Let Q be 
an abelian group acting on V. Suppose that the Q-orbit o f  every non-zero element 
o f  V has zero as a cluster point. Then there is an element g in Q and a compact 
subgroup U o f  V such that 
(i) U g c_ U; 
(ii) ~n_>0 Ugh=0; and 
(iii) V/U is torsion. 
In this section we show how to deduce the main theorem of the paper from these 
results. The proof of the above lemma is postponed to Section 5. 
4.2. With the notation of Section 3.1, suppose that cd(G) is at most r+s,  the 
torsion-free rank of G. By Proposition 3.1, the group A* /T  then satisfies the 
hypotheses of Lemma 4.1. Let C/T  be a compact cotorsion subgroup of A* /T  and 
g an element of Q such that C g ___ C and ~n_>0 CSn = T. Now if X is any closed 
subgroup of A*, then on passing to the dual, the inclusion of X in A* gives rise to 
an epimorphism from A** to the dual of X. We denote the kernel of this epimor- 
phism by X ±. The association of X with X ± yields a one-one inclusion-reversing 
correspondence b tween closed subgroups of A* and closed subgroups of A* and 
closed subgroups of A**. The chain of subgroups 
0<_ T<_ C<A*  
corresponds to 
A**>_T± >_C±>O. 
One finds that A** /T  ± and C ± are compact, while T ±/C  ± is torsion. Moreover 
we have (C ± )g _D (C ± ) and T ± = ~n___0 (C ± )gn. Now, using the fact that A** /T  is 
compact and the fact the Z~ is Noetherian, one can find a compact subgroup D of 
A** such that 
(i) A**/D is torsion; 
(ii) D c_ De; and 
(iii) A**= Un>o Dg~. 
In order to deduce from this that G is constructible, it remains to describe the ex- 
tent to which A**=A ®Z~ parallels the structure of A. 
4.3. There is a one-one correspondence b tween subgroups B of A such that A/B  
is it-torsion and closed subgroups of A** which yield torsion quotients. This is given 
by sending B to B®Z~.  Since it has been chosen to contain every prime p for 
which A has a Cp=-section, a subgroup of A is finitely generated if and only if the 
corresponding subgroup of A** is compact. Now let B be the subgroup of A which 
corresponds to the compact subgroup D of A** chosen above. Then B is finitely 
generated and A/B  is It-torsion. Furthermore the properties 4.2(ii) and (iii) show 
that Bc_B g and A = Un>_0 Bg~. Therefore the group (B, g)  is an ascending HNN- 
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extension over the finitely generated base group B with stable letter g. Since (B, g) 
is normal in G and the quotient is finitely generated abelian, it follows that G is con- 
structible as required. This completes the proof of the Theorem but for establishing 
the truth of Lemma 4.1. 
5. Proof of Lemma 4.1 
Let Q be an abelian group, and V a Z~ Q-module of finite rank over 7/~. Let T 
be the torsion submodule of V, and let D be the largest divisible submodule. The 
cluster point condition of the Lemma is plainly inherited by submodules and quo- 
tient modules. Thus it follows that Tmust  be zero, and so must V/D,  which is com- 
pact. Therefore V is actually a ~Q-modu le .  Let us say that an element g of Q 
suits v if and only if there is a compact subgroup U of V such that the conclusions 
of the Lemma hold for this choice of U and g. It is readily checked that the class 
of modules which a particular element g suits is section and extension closed. 
Therefore it is sufficient o prove the Lemma for the socle of V; that is, we may 
assume that V is a direct sum of simple modules: 
V= VI® V2®...® Vm, 
where Vi is a simple Qp Q-module for some prime p depending on i. We denote the 
p-adic norm on the (~p-space Vi by I I. The topology on V is then defined by the 
norm 
]01 d- 0 2 T ... "{- Om] = max ]oi ]. 
l 
Let B i denote the unit ball in V/, and let B denote the unit ball in V. Choose a non- 
zero element ui of V~. For each i, there exist finitely many elements g~,..., gk in Q 
such that the uigj form a basis of V/. Since the image of B i is compact under each 
gj it follows that for each e > 0, there exists 6 > 0 such that whenever ]u~g[ < 6, for 
g ~ Q, then Big is contained within the e-ball. Here we have needed the fact that Q 
is abelian. The Lemma now follows from the given fact, that the orbit of 
u~ + ... +Um has zero as a cluster point. 
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